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- - - Abstract 

(N 

The proposed duality between Vasiliev's supersymmetric higher spin theory on AdSs and 
f~^ , the 't Hooft hmit of the 2d A/" = 2 superconformal Kazama-Suzuki models is analysed in detail. 

^SJ ' In particular, we show that the partition functions of the two theories agree in the large A'^ limit. 
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1 Introduction 

Theories containing an infinite number of (massless) fiigher spin currents are an interesting class of 
theories that he in complexity somewhere between field and string theories. The first non-trivial 
examples where constructed about twenty-five years ago by Fradkin & Vasiliev [2 [5]. Recently, 
these theories have gained prominence in the context of the AdS/CFT correspondence since they are 
believed to be dual to free conformal theories [31 HI [5J |5] . This offers the hope of finding simplified 
versions of the AdS/CFT duality. It may also open the way towards a proof of the AdS/CFT 
correspondence, at least in a specific regime; for first attempts in this direction see [71 l8l l9l ITO] . 

About ten years ago it was conjectured by Klebanov & Polyakov [llj (see also [H] for a subsequent 
refinement) that a specific higher spin theory on AdS4 [T3] (see for example [TH (TSl HH [U] for 
reviews) is dual to the large N limit of the 0{N) vector model in 3 dimensions; actually, there are 
four different versions of this duality, depending on whether one considers the free or interacting 
O(A^) theory, and whether it is based on fermions or bosons. During the last two years, highly non- 
trivial evidence in favour of this conjecture has been found. In particular, Giombi & Yin managed to 
calculate some 3-point functions of the higher spin theory on AdS4, and showed that they reproduce 
precisely those of the dual 0{N) vector model in the large N limit [THUHllin]- For the interacting 
theory, the higher spin symmetry gets broken at finite N [21] . but the symmetry may still play a 
useful role in determining the correlators of the theory. 

The argument of [21] only applies to 3d conformal field theories, whereas in 2 dimensions it 
is known that interacting higher spin theories (even with a finite number of degrees of freedom) 
exist, for example, the Wn minimal models. A little while ago, it was shown that the asymptotic 
symmetry algebra of higher spin theories on AdSa [221 123] lead to classical Wn or Woo symmetry 
algebras [Ml [551 UHl HI] ; and a 1-loop calculation [55] suggested that the corresponding statement 
would also be true for the quantum theory. A concrete proposal was then made in [29, . relating 
the large N 't Hooft like limit of the Wn level k minimal models to a family of bosonic higher 
spin theories on AdSa. By now quite some evidence has been found in favour of this proposal 
[501 1511 [551 [551 1331 1551 |5B] . The proposal is the natural analogue of the Klebanov-Polyakov duality 
since, for vanishing 't Hooft coupling, the CFT can be described as the singlet sector of a free theory 
[37] . There have also been interesting results concerning the construction of black holes for these 
higher spin theories, as well as their dual CFT interpretation [38l [39l [40l [41] . 

The proposal of [53] was generalised to the case where instead of the su(A^) based M^-algebras, 
one considers the so(2A^) series [42] [43]. More recently, a. N = 2 supersymmetric generalisation 
has been proposed [33], relating a family of Kazama-Suzuki models [33 |3B] to the supersymmetric 
higher spin theory of [55] [55] . It is the aim of this paper to give substantial evidence in favour of 
this proposal; in particular, we shall give the supersymmetric generalisation of the calculation of 
[30| , establishing the agreement between the 1-loop partition function of the supersymmetric higher 
spin theory on AdSa , and the partition function of the dual Af = 2 superconformal field theories in 
the large iV limit. While the general strategy is similar to what was done in [50], there is one new 
ingredient in our analysis: unlike the bosonic Wn case, explicit formulae for the coset characters 
of the Kazama-Suzuki models do not appear to be readily available. In this paper we therefore 
calculate them from first principles in the 't Hooft limit. The basic idea is to relate them to the 
branching functions of the free (A = 0) theory which can be determined by combinatorial methods. 
We first apply this approach to the bosonic case, thereby reproducing the results of [30], and then 
use it for the supersymmetric Kazama-Suzuki models. 

The paper is organised as follows. In section [51 we review the bosonic duality; in particular, 
we explain in detail how the partition function of the minimal models can be calculated from first 
principles in the 't Hooft limit, using a combinatorial approach (see section [2^ . In section[3lwe then 
apply the same techniques to the 't Hooft limit of the Kazama-Suzuki models. Finally, section 4 
contains our conclusions and an outlook towards future directions. We have relegated some of the 
technical arguments for the calculation of the branching and restriction rules for 0[(c!o|cxd)+ (that 
play a role for the supersymmetric analysis) to an appendix. 



2 Non-supersyminetric duality 

In this section we briefly review the non-supersymmetric duahty and rederive the relation between 
the partition functions. Our strategy follows essentially [30], but we employ a somewhat different 
technique for extracting explicit formulae for the coset characters in the 't Hooft limit. This method 
will generalise directly to the supersymmetric case. 

2.1 The higher spin gravity theory 

Let us begin by fixing some conventions. We parametrise the Euclidean AdSa space with coordinates 
(r, 2;) e IR X C, for which the metric takes the form 

2 dr^ + dzdz 
d^ = -^ , (2.1) 

and the boundary is located at r = 0. In thermal AdS the points (r, z + Z + Zr) are identified, 
and the boundary becomes a torus with modular parameter q = e^^*"^. We shall first consider 
the non-supersymmetric truncation of Vasiliev's higher spin theory [221 123] on AdSa. This theory 
has massless gauge fields of spin s = 2,3, . . .. Assuming periodic boundary conditions around the 
thermal circle, a real gauge field with integer spin s contributes to the 1-loop partition function the 
factor 



gauge ^ ^ II - q 



n K^ ■ (2-2) 



This was first calculated for the graviton (s — 2) in [47 ; the general result was then derived in [2S] 
using the techniques of [48] . 

In addition to these massless higher spin gauge fields, the theory that is proposed to be dual 
to the 't Hooft limit of the minimal model also contains two massive complex scalar fields [33] . A 
complex scalar field of mass squared AP contributes to the partition function the factor [57] 



Z. 



A 
scalar 



11 (l — qh+mqh+n\2 ' ^ ' 



provided its asymptotic behaviour near the AdS boundary is fixed to be (j>(r, z, z) ^ a{z, z)r . Here 
A = 2/i is related to the mass squared M^ by the familiar relation 

(A - 1)^ = 1 + M^ . (2.4) 

In the duality of f5^ M^ = — 1 + A^, and then there are two solutions for A, 

Af(A) = l±A. (2.5) 

According to the proposal of [29 , one complex scalar is quantised with (+) boundary conditions, 
the other with (— ) boundary conditions. Then the total 1-loop partition function of the higher spin 
theory equals 

oo 
^1-loop - ^scalar ^ ^scalar ^ H^gaugc • l^-OJ 

It was conjectured in 29 that this higher spin theory is dual to a specific limit of minimal model 
CFTs that we shall now review. 

2.2 The coset point of view 

Consider the coset conformal field theory 

su(JV)fc@su(iV)i 



for integer level k. Its chiral algebra is the Wn algebra of central charge 

which we denote as WN,k- The primaries of the coset CFT (j2.7p can be described in the usual 
manner [491150] . 

In order to do so explicitly, let us introduce the following notation. We denote by Y the set of all 
Young diagrams, and by Yn C Y the subset of diagrams with less than N rows; as is well known the 
elements of Yn label the representations oi 5u{N). The representations of the affine algebra su{N)k 
at level k are then described by the diagrams Yj^^k C Iat that have in addition less or equal than k 
columns. 

For A G Yj^^k and cj G X/v,! consider the decomposition of the tensor product in terms of 
representations S e ^w./c+i of su(Af)A;+i 

A0w = 0(A;S)0S, (2.9) 

where su{N)k+i is diagonally embedded into 5u{N)k(Bsu{N)i, and (A; S) denotes the corresponding 
multiplicity space. It is clear that only those S € Y/v,fc+i can appear in (12.91) for which the weights 
satisfy 

A + Lo-EeQN , (2.10) 

where Qn is the root lattice of su(iV). For su(A^), this equation determines to uniquely in terms of 
A and 5. The multiplicity spaces (A; S) can thus be labelled by just A and S, and they carry, by 
construction, an action of the coset CFT (j2.7p . The coset CFT is rational and all its highest weight 
representations can be obtained in this manner; however, not all pairs (A; S) define inequivalent 
coset representations, since there are field identifications [CT[5^[55] . 

Let us denote the characters of the su{N)k and WN,k representations as 

ch^-\q, e") = trA g^V^ , &^|(g) = tr(A,H) 9^" • (2.11) 

Here Lq is the zero mode of the energy momentum tensor in the corresponding chiral algebra, while 
H is an element of the Cartan subalgebra of su(A^). As a consequence of (j2.9p . we have the basic 
relation 

chr(<Z,e«) ch:^'\'Z,e«) =E^A;h(9) ch^^'=+'('Z, e«) , (2-12) 

which we will use below in order to compute the characters of the coset theory. 

The simplest coset CFT is the usual charge-conjugation theory, whose Hilbert space consists of 

H^,fc=0(A;S)®lATsy, (2.13) 

[A;H] 

where the two tensor factors are representations of the left- and right-moving coset CFT, respec- 
tively, and the sum is taken over isomorphism classes [A; 5] of representations identified by the field 
identification. The corresponding modular invariant torus partition function is then 

^^''=(«) = k--PEl^A;'H(9)l'- (2-14) 

[A;H] 

It was proposed in [29] that the non-supersymmetric higher spin theory of Vasiliev is dual to the 
't Hooft like large N, k limit of the coset CFTs ([2l3|) . 

N 

N,k -^oo with = A held fixed. (2.15) 

N + k ^ ' 



A strong argument in favour of this proposal is the fact that the partition function (|2.6p can be 
reproduced from the dual CFT in this limit. The way this happens is however quite intricate, since 



the naive limit of the partition function (I2.14p diverges. In order to make sense of the Hmit theory it 
was proposed in [29] to restrict the Hilbert space (j2.13p to those coset representations for which both 
A and 2 are contained in the N ^ oo hmit of finite tensor powers of the fundamental representation 
of su(7V) and its dual. Intuitively this means that in the limit both A and 5 are described by a pair 
of Young diagrams, see fig. [TJ 




l\ 



N 



Figure 1: Young diagrams that are finite only in the horizontal direction, and that have a single 
infinite vertical step label su{N) representations generated by the tensor product of finitely many 
fundamental and dual representations in the limit N ^ oo. 



In order to explain this more precisely, it is convenient to think of these labels in terms of u{N) 
representations. Recall that irreducible (tensorial) representations of u(iV) are labelled by pairs of 
Young diagrams A — (A;, A^) of the form represented in fig. [21 Every u{N) tensor A defines an 
su{N) tensor labelled by a single Young diagram in Y^, which we denote by Ajv = {Ai,Ar)N- Since 
we can move the position where we separate Ajv into A; and A^., there are many u(A^) tensors A 
that restrict to the same su(iV) tensor Ajv, but differ in their u(l) charge |A|_ = |A.r| — |A;|, where 
|A;_j.| is the number of boxes in the corresponding diagrams. 

The representations we are interested in are those where we keep A; and A^ fixed as we take the 
N -^ oo limit; the resulting su(A^) representation becomes then an infinite Young diagram depicted 
in fig. [T] As can be seen from this figure, one can unambiguously recover back from this infinite 
Young diagram the original pair of finite Young diagrams A. From now on we shall identify the 
set of these infinite Young diagrams Aqo = (A;, Ar)oo with the set Y = y x F of pairs of Young 
diagrams, and denote its elements by bold upper case Greek letters (such as A). 

Returning to the limit of theory of (|2.13p . it was proposed in [29 that the Hilbert space repro- 
ducing the partition function of the dual AdSs theory in the limit (I2.15|) is 



H^= (A;H)®(A;H), 



seY 



where the two pairs of Young diagrams A = (A;, A^) and H = (S/,Sr) label representations 

(A; H) = lim (AAr;HAr) 



(2.16) 



(2.17) 



of the limit algebra Woa [A] [26] . 

The second complication comes from the fact that the representations (|2.17p generically become 
reducible in the limit (|2.15p , at least if both A and H are non-trivial. Another way of saying this is 
that new null states appear in the limit that have to be removed in order to calculate the partition 
function. Subtracting out these contributions, it was argued in [30 that the resulting partition 
function of (|2.16p reproduces precisely (|2.6p . 

We would now like to give a modified version of the proof and then generalise it to the super- 
symmetric case. 



-1 1 









An 






A; 










3 


^- 

1 




























2 




























3 
























































iV-1 












A, 
















N 












' ' 

















Figure 2: A u{N) representation is labelled by a pair of (finite) Young diagrams A — (A/, A^) such 
that the sum of their rows is at most N. The corresponding su(A^) dominant weight is represented 
by the Young diagram with a bold contour, denoted by A^r. 



2.3 The character identity 



In order to make contact with eq. (j2.I6p , the first step of the argument is to rewrite the bulk par- 
tition function (|2.6p as a sum over finite Young diagrams. Let us begin by introducing a little bit 
of notation. Let g[(oo)+ be the Lie algebra of infinite-dimensional matrices for which only finitely 
many diagonals adjacent to the main diagonal are non-zero. These matrices have a natural action 
on the infinite-dimensional vector space C"^" — ffiJ^gCej, where ej denotes a basis and Nq are the 
non-negative integers. This is the 'fundamental' representation of 0[(oo)+, and the representations 
we are interested in are those that are contained in finite tensor powers of this fundamental repre- 
sentation. All of these tensor products are completely decomposable, and hence we can label these 
representations by finite Young diagrams A. 

We shall need to calculate the character of the representation A. In general, a character can be 
evaluated on an arbitrary element of the Cartan subgroup of the associated group GL(oo)+. The 
Cartan subgroup consists of the diagonal matrices, and the Cartan subalgebra of 0((oo)+ can thus 
also be identified with the diagonal matrices; a natural basis for the Cartan subalgebra is Hi — En, 
where i € No and En is the matrix with a single non-zero entry in position {i,i). The dual to the 
Cartan subalgebra is the weight space, and it is generated by the weights e^ with 



ei{Hj) = 4 



(2.18) 



With these preparations we can now describe the character of the representation A. A basis for 
the vector space associated to A is labelled by the different Young tableaux TabA of shape A. Here 
a Young tableaux of shape A is a Young diagram A together with a filling of the boxes of A by 
elements from No, where, as usual, within each row the entries of the boxes do not decrease, while 
within each column they increase. The weight wt(T) of the basis element associated to T e TabA 
is the sum of the associated weights ej , where j runs over the entries of the boxes in the tableau T. 
Then the character of A equals 



chA(e^)= Y. ^ 

TGTabA 



,wt(T)(ff) 



(2.19) 



where H is an arbitrary element of the Cartan subalgebra of of 0[(oo)+. In the following we shall 
mainly evaluate this character on the specific elements 



U{h) = Yl e2'^^^(''+^)^^ , q^e 

ieiMo 



2-7r2T 



(2.20) 



of the Cartan subgroup of GL(oo)+ with matrix elements 

U{h),, = q'^+^ , (2.21) 

where h is some real number, and q has modulus less than one. In this case the character (|2.19p 
takes the form 

chA{U{h)) - E n 9"^' ■ (2-22) 

TeTabAjST 

With the help of the matrix U{h), we can now write the partition function of a real scalar field 
on thermal AdSa as the determinant 

°° I I 

11 1 - qh+rnqh+n = det(l ~ U (h) (g) U (h)*) ' ^^'^^^ 

m,n— \ / / 

where U{h)* is obtained from U{h) upon replacing q 1-^ q. This can be decomposed into 0[(oo)+ 
characters by performing the same manipulations as in [30\H 



det{l-U{h)^Uih)*) 



^chA(f/(/i))chA(C/(/i)) . (2.24) 



A 



The partition function (12. 6p can thus be written as 

^I'-loop = ^gaugo Y. |chA,(C/+)chA^(C/+)chH,(C/-)chH,(C/_)|2, (2.25) 

where A;, A^, S;, 5^ are finite Young diagrams, and we have defined 

CO 

■^gauge = 11 ^laugc ' (2.26) 

with Z|^^g^ given in ([12]). Finally, U± = U{h±), with h± = i(l ± A). 

The next step is to reproduce eq. (j2.25p from the coset point of view. To this end we need to 
evaluate the coset characters up to powers of q'' or q^ , which become irrelevant in the 't Hooft limit. 
We want to determine the coset characters from (12.121) . and thus we first need to understand the 
characters of affine representations associated to A e Fjv,*:- It follows from the Kac-Weyl formula 
(see e.g. [53130]) that we have 

.NM^ H, g^A"[chjr(e^)+0(g^--^^+i)] 

where Ajv denotes the roots of su{N), and Ai is the length of the first row of A. Here we have used 
that, for large fc, only the elements of the finite Weyl group contribute to the dominant term, thus 
making the finite su(A^) character chA appear. The conformal dimension of the affine primary field 
labelled by A equals 

^.fc _ Cas(A) _ JV|A| |A|^ ^ col(£) - row(£) 

^ 2{k + N) 2{k + N) 2N{k + N) f^^ k + N ' ^' ' 

where | A| is the number of boxes in A, and the sum in the last term runs over the individual boxes 
of the Young diagram A, where row(e) and col(£) is the row and column number of the box e G A, 
respectively. 



^This expansion formally defines the Schur functions (witfi an infinite number of variables) in the theory of 
symmetric functions 1541 . Their explicit expression as a sum over monomials labelled by Young tableaux of fixed 
shape and, thus the identification with g((oo)_|_ characters, is then an a posteriori fact. 



Using (J2.27D for the different characters in (j2.12p we thus obtain 

ch^(e«) ch^-\g,e^) = J] ag^iq) chf (e^) , (2.29) 

where we have defined the k independent function a'^~{q); it is related to the coset character in the 
A; — >■ oo hmit as 

bl;^iq) = g'^A ''"- '^H "+^ [al^(q) + 0(q'=-Ai+i) + Oiq'^-^^+')] . (2.30) 

Next we observe that for A = eq. (J2.29I) simphfies to 

ch^'\g,e^)= Y: a^.^^{q)chi{e"), (2.31) 

i.e. aQ.~{q) is the branching function of an su{N)i afhne representation into representations of the 
zero mode algebra su{N). In order to describe the general case, recall that the decomposition of 
su{N) tensor products implies that 

< < - E 4X^ < , (2.32) 

AsCLYm 

where c^ ^ '' are the Clebsch-Gordan coefficients. Multiplying (|2.3ip by ch^ we thus conclude that 

aUl) - E 4n^"<n(?) = E ^if "<n(«) , (2-33) 

where the bar denotes the conjugate representation and for the second equality we have used the 
symmetries of the Clebsch-Gordan coefficients. 

Up to now all the equations are valid for finite k and finite N. As we have mentioned in sec l2.11 in 
the large N, k limit (|2.15D we shall restrict A and S to be a those special infinite Young diagrams that 
can be identified with pairs of finite Young diagrams, see fig. [TJ Using a free fermion construction, 
we will show in section 12.41 that the power series expansion of a^~ (q) stabilises in the large N limit 
to 

aa-sil) = lim a^H„((7) = ch2t(f/o) chHt([/o)ao;o(<7) , 

where H — {Ei,Er) and Uq = U{h = \). Note that |ao;o((?)P = Zgaugcl?)- It follows by a direct 
calculation (see e.g. [56j eq. (2.7)]) that 

Cas(AAr) = Cas(Aj) + Cas(A^) + ^*^'|)^''* . (2.35) 

Thus, for large N the conformal dimensions of the affine primaries behave as 

iv(|AH + |A,| 



,Ar,fe _ V ' ' 7 , rn( I 
2{k + N) 



hZ= \,, , ,n ' +0[j,) , (2.36) 



where A — (A/,Ar) is a pair of finite Young diagrams. Hence the exponent of the prcfactor in 
eq. (J2.30I) becomes in the 't Hooft limit 



k.N 



li- {hl^' ~ 4^0 = ^ (|A| - |H|) , (2.37) 



>oo 



where we have defined |A| — |A;| + jA^I and similarly |H|. Thus, the branching functions corre- 
sponding to the Woo [A] modules (|2.17|) have the explicit form 

613(9) = '7*^'^'"'^'^ao;o(<z) E ^aS chnj(C/o)chn*(C/o) , (2.38) 

neY 



where for 11 = (11;, Hi.) the conjugate representations is H = (11^,11;). 

It was argued in [30] that subtracting out the null-states (see the discussion at the end of sec- 
tion [521) is equivalent to restricting 11 in eq. (I2.38P to those Young diagrams that satisfy 

|A| + |H| = |n|. (2.39) 

Note that this is similar to what happens for the tensor product decomposition for su(A^) in the large 
N limit. For example, in the tensor product of the fundamental and anti-fundamental representation 
of su(iV), the projector onto the su(iV) invariant state is of the form 

^ 1 
^-e,®e\ (2.40) 

j=i 

where Cj and e^ are a basis and the dual basis for the fundamental and anti-fundamental repre- 
sentation, respectively. In the large N limit (|2.40p vanishes, and the tensor product is no longer 
completely decomposable. In our case, the analogue of (I2.40p are the states where |A| + |H| < |n|, 
and they vanish in the large N limit as demonstrated (in some simple examples) in [30] ■ In terms 
of the Clebsch-Gordan coefficients, (j2.39p implies that 

c 5= hm cW2~ =Ca5^Ca5' . (2.41) 

We have furthermore used that the Clebsch-Gordan coefficients on the right hand side stabilise in 
the large N limito Putting everything together we then obtain for the trace over H^ 

Tr„.(?^°9-^« =^gaugc5]|g*^l^l-l=l' ^ Ca,e:^aM\ chn[(t^o) chn*(C/o) 
A,H ni,n. 



^^gaugcJI M^''^'"'""dlAj(C/o) chH*(C/o) chA*(f/o) chH*([/o) 



2 



A,H 
= ^gaugc Y. I '=hA*(C/+) chH*(f/-) chA* ([/+) chHj((7_)|' , (2.42) 

Ai,Ar 

where we have used that the Clebsch-Gordan coefficients are invariant under taking transposes. This 
then agrees with (|2.25p . 

2.4 Free field realisation 

Finally we come to the proof of the two fundamental eqs. (|2.34p : this is where our analysis differs from 
[30| . Recall that we can realise su(iV)i u{1)n in terms of N free Dirac fermions. Here u(l)Ar is the 
chiral u(l) algebra [Jm, Jn] = N5m,-n that is extended by two fields of conformal dimension h — ^ 
and u(l)-charge ±N, see [ST] sec. 14.4.4]. (Incidentally, u(l)Ar is also the chiral algebra of a compact 
boson compactified at i? = VN where R = \f2 describes the self-dual radius, i.e. u(l)2 = su(2)i.) 
The irreducible representations of u(l)Ar are labelled by I G Zjv, and their characters are 

ef (g,^) = Tr,(g^"^'^") = ^ i.'+^™ ^^oo ,, _ „, • (2.43) 

meZ lln=lU 9 ) 

On the level of characters, the relation between the free fermion theory and su(iV)i ©u(l)jv amounts 
then to 

oo TV N-1 

Y[Y[{l + WV,q-+i)il + WV,q"+i)=Y,ef'{q,w)ch!:^;\q,v) , (2.44) 

n=0 i=l /=0 



^In the theory of symmetric functions the numbers c^9 are known as the Littlewood- Richardson coefHcients, 



see 1541 ch. 1]. Essentially, these are the Clebsch-Gordan coefficients of g[(oo)^ 



where w; is the l-th fundamental weight of su{N), w G U(l) and Vi are the diagonal entries of an 
element v of the Cartan torus of SU(A^). In terms of the branching functions introduced in eq. (|2.3ip . 
this then becomes 



oo N 



wv,q^^+-^) (1 + z5z;,g"+^) = ^ OfX, (g, «;) a^\(g) ch^^ (t;) , (2.45) 



n=0 i=l AeVlv 

where [A] e Zjv denotes the congruence class of an 5u{N) representation A, see [571 sec. 13.1.9] 
For the following it is more convenient to decompose this partition function into characters of u(A^) 

chl^{v)w\^-\-\^'\ = ch^ivw) . (2.46) 



rather then su(A^), i.e. to absorb the w-dependent factor of 8j^, into the u{N) character as 



Recall that u(iV) representations are parametrised by pairs of Young diagrams A — (A/, A^), see 
fig. [3J alternatively, we may label them by a single Young diagram Ajv together with an integer 
|A|_ = \Ar\ — \Ai\ determining the u(l)-charge of the representation. Using (I2.46p . we can now 
rewrite (|2.45p as 



oo N 



nna 



wv,q''+^) (1 + u;t;,g"+2) = ^ <(g) ch^{vw) , (2.47) 



AGY 



where 



,^(|A,|-|A,|)^ 



"^'"^ nLa-r) ""-'" ''" 



counts the number of u(A'^) tensors A which appear in the free fermion theory. In the following 
we shall compute (12. 48^ combinatorially. Note that the prefactor in the numerator will become 
irrelevant for A^ — > oo. 

Let us denote by "0^; ■ • ■ ; 4'^ the N Dirac fermions, with ip^, . . . , -ip^ their complex conjugates. 
The vector space whose character is the left-hand-side of (I2.47P is spanned by the vectors of the form 

irn,-. n^-..-.^' (2.49) 

i=i k=i 

where Qj, bk G {1, . . . , N}, Vj, Sk G Nq, and il is the vacuum. These states fall into representations 
of the two commuting Lie algebras: u(A'^) acting on the indices aj and bk] and gl(cx))-|_ acting on the 
mode numbers rjjSfelfj The branching function d^ in (j2.47p counts the multiplicity with which the 
u(A^) representation A appears in the Fock space, and because of the commuting ^[(00)4. action, it 
will naturally be a character of 0((oo)+. 

More precisely, a u(A^) tensor of shape A appears 'for the first time' (i.e. with multiplicity at 
most one) in the states of the form (|2.49p if nj, — |A;| and n^ — \Ar\. For a given choice of mode 
numbers tj and Sfe, the multiplicity is precisely one if the {rj} and {sk} define an allowed filling 
of the Young diagram A; and A* , respectively, where A* denotes the transposed Young diagram - 
this just keeps track of the fact that, because of Fermi-Dirac statistics, the product of two identical 
fermionic modes vanishes. If we sum over all such mode numbers (while keeping nj, = |A;| and 
n^ = |Ar| fixed), it follows from (j2.22p that the branching function equals 

chAj(f/o)chA*(C/o) , (2.50) 

where Uo = U{h^ i). 

In order to complete the argument we only need to count the multiplicities with which the u(A^) 
representations A appear. As we have explained above, a given A appears 'for the first time' if 



^Note that the action of 91(00)4, on the modes of i/)", and on the modes of 1/)" is in both cases the fundamental 
representation of gl(oo)-|-. 



n^ = |Ai| and n^ = |Aj.|. However, it will continue to appear if n^ = \Ai\ + m and n^ = jA^I + m 
with m S N, i.e. the state can be a product of a state with minimal number of factors, times a u(7V) 
invariant state. Thus we need to count also the u(iV) invariants; according to the first fundamental 
theorem of classical invariant theory (see e.g. [SS]), all u(7V) invariant states are linear combinations 
of the 'basic' ones 

U (E^-r-i^-s-^) . (2-51) 

r,s=0 \ a / 

where only finitely many multiplicities Airs are non-zero. Note that not all of these states are 
non-trivial; indeed, (j2.5ip vanishes if 

J2Mrs>N or ^M^, >7V. (2.52) 

r s 

Furthermore, the states corresponding to different choices of {Mrs} are not all linearly independent; 
for example, for iV = 1 the two states whose non-zero multiplicities are {A/qo — l,A^ii ~ 1} and 
{Mqi = 1, Mio = 1} are in fact linearly dependent. If we ignore these issues we can easily count the 
invariant tensors as 

^o(.) - n E 'i'''"^''''- = n r^ - n n T^ ■ (2-53) 

r,s=0 Mrs=0 r,s=a ^ s=ln=s ^ 

This result is exact in the iV — > cx3 limit because for finite iV the overcounting starts at order g^+^ 
with the state 

N+l 



(2.54) 



Combining this result with (|2.50l) . and ignoring the subtlety that the product of a non- vanishing 
scalar and a state of the form (I2.49|) in some representation A can also vanish — again this can be 
ignored in the N ^ oo limit — then leads precisely to (|2.34p . (Recall that the relation between a^^ 
and d^ is given in dOS).) 

3 Supersymmetric duality 

In the following we want to generalise the above argument to the supersymmetric setting. We begin 
by reviewing the structure of the supersymmetric higher spin theory. 

3.1 Higher spin supergravity 

The Af = 2 supersymmetric higher spin supergravity theory of Prokushkin and Vasiliev [22j [23] has 
two (real) bosonic gauge fields of each spin s = 2, 3, . . ., together with a single current of spin s — 1. 
In addition there are two (real) fermionic gauge fields for each spin s = |, |, . . .. As in the bosonic 
case above, the structure of the theory depends on a real parameter < A < 1. However, this 
parameter does not affect the quadratic part of the action, and the total 1-loop contribution of the 
gauge fields equals 

OO o 

-^gaugo — -^gaugc _[ J_ ( ■^gaugc'^gaugino ) ' («J-Ij 

s=2 

where the contribution of a real gauge field of half-integer spin s 

OO 

^gaugino= n |l+9" + ^P (3-2) 

n=s-^ 

was calculated in [44] . We have assumed here that these half-integer spin gauge fields have anti- 
periodic boundary conditions around the thermal circle; from the dual CFT point of view, we 
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shall therefore only consider the NS-sector. We also note that we can write -Zgaugo in a manifestly 
supersymmetric way as 



-^gauge 



11 gauge I where Zg^^^g^, = ■^gaugc (^gaugcj ■^gauge i ('J-'^J 



with Z^augc the contribution of the J\f = 2 gauge multiplet of integer spin s. 

While the parameter A from above does not appear in the quadratic action for the gauge fields, 
it does determine the mass of the fields in the allowed matter multiplets. In the supersymmetric 
case, each matter multiplet consists of a complex scalar field of mass 

M| = -l + A^ , (3.4) 

a Dirac fermion of mass n^x with 



'l-A 



^n-r 



as well as a complex scalar and Dirac fermion of mass Mi_a and toi_a, respectively. The propagation 
of the free (massive) scalar or spinor fields on AdSs is unambiguously fixed by the respective equations 
of motion provided one specifies the asymptotic behaviour of the fields at the boundary, i.e. the 
conformal dimensions of the dual superconformal fields. For the fields in the above mass windows, 
there are two natural boundary conditions one may choose, and we shall refer to them as the (±) 
quantisations; for the scalar fields the relevant dual conformal dimensions are again {h,h) with 
A = 2h being given by (|2.5p . while for a massive Dirac fermion the relevant conformal dimensions 
are (h + ^,h) and {h,h + i) with A = 2h + ^ given by 

A^(A)=A + 1, A^(A) = ^-A i.e. h^ ^ ^ , /.^ = i(i _ A) . (3.5) 

The contribution of the complex scalar field with A = 2/i to the 1-loop partition function is again 
given by (j2.3p . while that of a Dirac fermion with conformal dimensions {h+ i^^h) and {h,h + ■^) is 

m 

^s^nor = n (1 + <z''+^+"g-''+")(l + g''+"g-'^+H«) . (3.6) 

m,n— 

In order to preserve A/" = 1 supersymmetry we need to quantise the fermion of mass mx the same 
way as the complex scalar field of mass AIx, and likewise the fermion of mass mi^x the same way as 
the complex scalar field of mass Mi-x- However, in order to actually preserve A/" = 2 supersymmetry, 
the two Af = 1 multiplets must be quantised in the opposite fashion; this is illustrated in fig. [31 

The complete matter spectrum of the higher spin theory of 44: consists of two such J\f ^ 2 
multiplets that are quantised again in the opposite fashion; altogether the 1-loop partition function 
2^_i of this theory is therefore 

1-loop — gauge ^ ^scalars ^ ^spinors ; V*^''/ 

where 2^gauge was defined in (13. 3p . and the scalar and spinor contributions are 

_ A«(A) A«(A) Af(l-A) A«(l-A) 
^scalars — ^sealar ^sealar ^scalar ^sealar 1"^-°^ 



y . ^ A^(A) A^(A) A^(l-A) A!:(1-A) ^ / A^(A) A^(A) 

spmors spinor spinor spinor spinor I spinor spinor 



2 



Note that the total partition function is invariant under A i— > 1 — A. In terms of A/" = 2 supermulti 
plets, we have 

-loop ~ ^gauge 



-^1-loop ~ -^gauge X -^rn'atter ^ -^matter ) (•^■^) 
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Ma(+) 



mxi+) 



mi-x (-) 



Mi_A (-) 




'A A^ 

.2' 2^ 



M,(-) 




mA(-) 


1 A 1 A^ 

2 2' 2 2/ 




fi _ A i_ A 

V2 2' ^ 2 

h- A 1 _ A 

V-^ 2' 2 2 



"1i-a(+) 




Afl-A( + ) 



1-4,1-4 



Figure 3: Conformal dimensions of the scalar and spinor fields of the two complex M ~ 2 super- 
multiplets. Here Q denotes the TV = 1 supercharge, while Q± are the A/" = 2 generators. The action 
of Q± on the scalars M\{+) and Mi_a(— ) leads to a linear combination of the spinors in m\{+) 
and mi-x{—), and similarly for the lower diagram. 



where the first two factors denote the contribution of the two Af = 2 matter multiplets from above 



-7-,^ ^ A^(A) A«(l-A) A^(A) A^(l-A) ^ A ( yi+^ ^ 7I + X 

-^TTiaffor ■^c^^i^v- '^o^^i-:.,. ■^spinor spinor scalar I ■^sp'"'^^ ' ' 



rA,H 



-'matter scalar scalar 

rA, 



_ ^A«(l-A) ^^-W 2-^+(l-A) ^A^(A) ^ ^ 



scalar I spinor y scalar 

2 
seal 



^2-A 



■'matter "^scalar "^scalar "^spinor '^spinor '^scalar \ spinor^ 

Expanding them out as above, we then have explicitly 

(1 + 57 + 5+™g#+")2 (1 + g#+™g# + 5+»)2 



rl-A,+ 



■'matter 



n 



o(l-gt+™gt+»)2(l_g 



+ *+™/7t + 4+n^2 



1 2~ 2 ~ n 2 — 2 



(3.10) 



■^scalar — -^^mattor • (^-H) 



(3.12) 



3.2 The superconformal coset 

It was proposed in [33] that the above higher spin theory is dual to the 't Hooft like limit of a family 
of minimal Af = 2 superconformal coset theories. In this section we want to review the relevant 
superconformal field theories. 

Recall that we can associate to each bosonic affine algebra su{N)k an Af ~ 1 supersymmetric 
affine algebra su(A^)[._|_^; the latter is actually isomorphic to the direct sum of the bosonic algebra 
su{N)k together with dim(su(A^)) free Majorana fermions. In analogy to this, we also denote by 
u(l)^. the direct sum of u(l)fe and (the chiral superalgebra of) a single Majorana fermion. 

The cosets that are relevant for us are then 



WN,k == 



su(iV- 



^)k+N+l 



su(iV)i+^+,®u(l)i ' 



(3.13) 



where k = N{N + l)(fc + iV + 1) is the 'level' of the u(l) algebra (as defined above eq. (E3S1))- They 
are manifestly Af = 1 supersymmetric, but according to Kazama and Suzuki [451 146 ) . the actual 
chiral algebra contains the Af = 2 superconformal algebra. Geometrically, this is a consequence of 
the fact that the coset p.l3p is associated to the homogeneous space 



CP^ = 



U(iV + l) 
U(iV) X U(l) 



(3.14) 
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which is actually a Hermitian symmetric space, i.e. possesses a complex structure. We should 
also mention in passing that (j3.13|) coincides with the Drinfel'd-Sokolov reduction of the affine 
superalgebra s\{N + l\N)ko^ at level [SS] 

Given that the Af — 1 superconformal algebras are actually isomorphic to direct sums of the 
corresponding bosonic subalgebras and free Majorana fermions, we can reformulate the bosonic 
subalgebra of 'WN,k in (|3.13p as 



,(0) _ su(A^ + l)fc@so(2JV)i 



w^^{ = \:z. z X, ' ' ^^-^^^ 



where so(2iV)i is the bosonic algebra associated to the 2N free Majorana fermions that survive after 
subtracting from the N'^ + 2N free fermions of the numerator in (I3.13P the iV^ free fermions of the 
denominator. The central charge of the coset algebra Wat^/c is therefore 

c^(A^-l)+^^(^ + ^^-(^ + ^)(^^-^)^ ^^^ . (3.17) 

^ ^ k + N+l k + N + 1 k + N + 1 ^ ' 

In the following we shall mostly use the bosonic coset description p.l6p : note that this description 
contains implicitly the supersymmetry generators as long as we describe the so(2A^)i algebra in 
terms of 2N free Majorana fermions. 

We shall also need to understand how the denominator of (13.16^ is embedded into the numerator. 
The embedding of su(iV) ® u(l) into the first factor (i.e. into su{N + 1)) is determined by the usual 
embedding of SU(iV) x U(l) ^ SU(iV + 1), 

zi («,«;) = (^""^ ^^^ e SU(iV+ 1) , (3.18) 

where v e SU(Af) and w e U(l). Let us denote by K ^ su{N + 1) the image of the u(l) Lie algebra 
generator (i.e. K is the diagonal matrix with entries {N, —1, . . . , —1)); its OPE is then of the form 



kN{N 
[zi - Z2) 



Kiz,)K{z2)= ,,/ 7^^ +0(1). (3.19) 



In order to understand the embedding into the so(2A^) factor, recall that we can think of so(2Af) as 
the Lie algebra of the Lie group SO(A^, N) of 2N x 2N matrices M satisfying MGM* = G with 

We then embed SU(iV) x U(l) ^ SO{N, N) (the scaling of the U(l) embedding relative to ([XTS)) is 
fixed by A/" = 1 supersymmetry, see p. 441) below) as 

Z2iv,w)=(^ ^^^%.jeSOiN,N), (3.21) 

where v denotes the complex conjugate matrix to u G SU(A^). Again we denote by j E so{2N) 
the image of the u(l) Lie algebra generator (whose first N diagonal entries are —{N + 1), with the 
remaining diagonal entries being equal to iV + 1); its OPE is then 

j(zi)j(^2)^ ^^^^\r +0(l). (3.22) 

(zi - Z2y 

Together with p.l9p it then follows that the current 

J = ^- (k — j) (3.23) 

k + N + 1 V 7V + 1 V ^ ^ 
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is primary with respect to the denominator algebra; it therefore describes a u(l)-current of the coset 
algebra Wjv.fc- It can be identified with the u(l)-current of the Af = 2 superconformal subalgebra, 
and with the above normalisation of K and j it is canonically normalised so that 

J{zi)J{z2)^,r^^-—^ + 0{l), (3.24) 

6[zi — Z2) 

where c is given in p. 171) . 

The irreducible representations of yVN,k can again be described in the usual manner. Let us 
denote by NS the Neveu-Schwarz representation of the 2N Majorana fermions. (From the point of 
view of so(2A^)i, NS is therefore the direct sum of the vacuum and the vector representation.) For 
any integrable representation A e yiv+i^fc of su(7V + 1)^ we then consider the decomposition of the 
tensor product 

A(^NS==0(A;S,O«)S(^Z (3.25) 

with respect to su{N)k+i © u(1)k. Here S e Yjy^k+i labels the representations of su(iV)fc+i, while 
I £ Z„ describes the representations of u(1)k. In order to understand which representations of 
su(iV)fc+i©u(l)K appear in this decomposition, let us write A and S in terms of the usual orthogonal 
basis as 

A-EV.-]^E^^- a-d S = ^S,e,-0^,^., (3.26) 

j=o j=0 j=l j=l 

where A^- and Sj are the number of boxes in the j'th row of A and S, respectively. (For the case 
of su(A^ + 1) the first row is the zero'th row, while for su{N), the rows are labelled by 1, . . . , N.) 
Given the structure of the embedding (j3.18|) . the weight of the u(1)k representation labelled by I in 
eq. (j3.25p is then of the form 



/ 



^i 



NiN + l) 



Neo - E ^j) ^° *^^* '^'(■^) " ' ' (^•^'^) 



while U!i vanishes on all generators of su(A^)fc+i under the embedding ii. The root lattice of su(A^ + l) 
is generated by the vectors Ej , and hence the selection rule that A — S — w; lies in the root lattice 
of 5u{N + 1) simply means that the coefficients of all Ej are integer; for j 7^ this is precisely the 
condition that ^ 

-^ - M J: ^ = mod 1 , (3.28) 

N + 1 N N{N+l) ' ^ ' 

and it is easy to see that then also the coefficient of Eq is integer. Note that (I3.28P determines I in 
terms of A and S only modulo N{N + 1); since / is defined modulo k — N{N + 1){N + fc + 1), it is 
not completely fixed by ([gT^ FI 

The multiplicity spaces labelled by (A; S, I) satisfying p.28p then define representations of 'yVN,k- 
In fact, all representations of 'yVN,k can be described in this manner. However, not all triplets (A; 5, /) 
lead to inequivalent representations; the relevant identification rules are worked out in |51) . 

The character of 27V Neveu-Schwarz Majorana fermions equals 

00 Af 
e{q,u) = tTNSq'-^u = Ullil + u,q''+i){l + u,q"+^) , (3.29) 

where u is an SO{N,N) group clement with eigenvalues {ui,Ui}^i. Together with the affine char- 
acters defined in (J2.11D and (j2.43p we then have the identity 

ch^+'^''{q,t,{v,w))e{q,t2{v,w))^Y.bl;l,{q) ch^^''+\q,v) 0^^,^^) , (3-30) 



''The level of the u(l) algebra is the central term in the current-current OPE where the current has been normalised 
so that the spectrum of its zero mode consists of the integers. In our case the correctly normalised current is K + j, 
and the level can then be read off from 113.191 1 and 1 13. 221 1 . 
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where 

&A;i('?)=tr(A;H,o'?''°, (3.31) 

is again the coset character. 

The simplest CFT is as before the charge conjugation theory whose full space of states is of the 
form 

^f'= [A;S,/]®lA[s7i], (3.32) 

[A;S,i] 

where [A; S, I] denotes again the equivalence classes of coset representations. The corresponding 
torus partition function 

Z^''{q)^\q-^^\' E K;lM' (3-33) 

[A;H,i] 

is then modular invariant with respect to the appropriate modular group (namely the congruence 
subgroup that is generated by S and T'^). Here we have restricted ourselves to the (unprojected) 
NS-NS sector. The R-sector representations do not, in any case, contribute to the perturbative 
spectrum in the 't Hooft limit since their conformal dimensions are proportional to c (which goes to 
infinity in the limit). 

3.3 The duality 

As was already mentioned above, it was proposed in 44 that the higher spin theory of section I5TT] is 
dual to the large N, k limit (|2.15p of the above Af = 2 minimal model superconformal field theories. 
In order to define the limit, we restrict, as in the bosonic case of section[51 the spectrum of p. 321) to 
those representations (A; S, /) for which both A and S can be labelled by pairs of Young diagrams A 
and H as in figure [1] We want to show in the following that with this restriction (and after removing 
the relevant null- vectors, see below) the partition functions between the two descriptions agree. This 
provides again very non-trivial evidence in favour of this duality. 

3.3.1 The higher spin partition function 

Let us begin by rewriting the higher spin partition function p.9p as in the bosonic case, see eq. (j2.25p , 
except that now the relevant algebra is g[(cx)|oo)+, rather than gl(cxD)+. In order to do so we need 
to fix some conventions. 

Recall that, as a vector space, the algebras 0l(oo)+ and 0[(oo|oo)+ are isomorphic. The only 
difference is that for the superalgebra gl((xi|(xi)+ we distinguish between the bosonic generators Eij 
for which i + j is even, and the fermionic generators Eij for which i + j is odd. Correspondingly we 
then define commutation and anti-commutation relations. It is clear fronr this description that we 
have again a representation of g[(oo|oo)+ on C''^". 

The tensor products of this fundamental representation are completely decomposable into ir- 
reducible representations, and these are again labelled by Young diagrams [60L I61j . In order to 
describe the associated character of 0(((X)|oo)+, we need to introduce supertableaux. A supertableau 
is a filling of the Young diagram A by elements from Nq, where the entries do not decrease along 
rows and columns, and the direction in which they strictly increase depends on the cardinality of 
the corresponding entries; the precise rule is explained in fig. ID 

We can label the basis elements of A by the different Young supertableaux T g STabA of shape A, 
and the weight of T is the sum of the fundamental weights e^ associated to T, i.e. wt(T) — X^ieT ^*- 
(Note that the Cartansubalgebraof g[(oo|oo)-|- can again be taken to consist of the diagonal matrices, 
and ei is then as before defined by eq. (|2.18l) .) The supercharacter of the g[(oo|cx))+ representation 
labelled by A is then 

schA(e^)= E e*'(^)(«)n (-!)'• (^.34) 

TeSTabA jeT 



15 















Z' 






\ 


1 


) 


i 


J 






k 


r 


V 






^ 


^ 


V 

















i < i iii and j are odd 
j < fc if i and k are even 



Figure 4: A supertableau of shape A and type g[(oo|oo)+ is a filling of the boxes of a Young diagram 
A with elements from No such that the entries of the boxes are ordered as indicated in the figure. 



The generalisation of eq. (j2.23p that is relevant for us is now 

Sdet{l -U{h) ®U{h)*) ~ J-^^^ [l _ qh+m^h+n-^l^l _ qh+^+m^h+^+n-^ 
= ^SchA(Z^(/l)) SchA(Z^(/l)*) , 



(3.35) 



where sdet denotes the superdeterminant, and lA{h) is an GL(cx)|cx))-(- diagonal matrix with matrix 
elements 

U{h),,^{-iyq'^+i . (3.36) 



On these group elements the supercharacter reads explicitly 

schA(z^(/i)) = ^ n '^' 

TeSTabA ieT 



h+i, 



(3.37) 



since the parity signs in eq. p. 361) cancel against those in eq. p.34p . Using exactly the same 
arguments as for the bosonic case, see eq. (J2.24I) , this allows us to write the partition function 
(see in particular p. 121) ') in the form 



Z{ 



X 



loop ^ -^gaugo 



yj |schA, (Z^+) schA^(Z^+) sells, (W_) schs.^{U- 



(3.38) 



Ai,A.,S,,E:r 



where U+^U{h^f) and W_ ^U{h^ ^] 



3.3.2 The superconformal partition function 



Now we come to the CFT partition function in the 't Hooft limit. Using the form of (j3.18p . we can 
express the character of su(iV + 1)^ in the large k limit as 



ch^ [q,ii{v,w)) 



g<^'^'°[ch;;^+^(^l(^;,w))+0(gfe-^^+l)] 



(3.39) 



where {vi}^i are the eigenvalues of u G SU(A^) and we have defined vq = w^^^. For the other 
characters in (I3.30p we have similarly 



chg [q, v) 



ef{q,w) 



g^g' " [ch^(z;)+0(g'=-^^+^)] 



0^=1(1-9") 



w' +0[q^ 



-\l\ 



H - 2^ ■ 



(3.40) 
(3.41) 
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If we define the leading term of the coset character via 

bZiM = g'^r^"-''. "^^-'^r [al^^^i^q) + 0{q^-^^^') + 0{q'^-^^+')] , (3.42) 

it follows from eq. p.30p that we have the /c-independent identity 

ch^+\t^{v,w)) ^q,t,{v,w)) ^J2<^M''^^('^)'^' ' (3.43) 



where the sum runs over all S e Y/v and / must obey the selection rule p.28p . Note that the 
denominators of p.39p . p. 401) and (I3.4ip cancel among each other, except for the factors with i = 
or j = in (13.391) ; because of p. 211) , these combine with the contribution of the N Dirac fermions 
from 9 (see p.29p ) to the supersymmetric combination 

where u is an SO{N, N) matrix with eigenvalues {ui, Ui}^^. 

The next step of the argument consists of parametrising the different solutions for / satisfying 
p.28p in terms of U(A^ + 1) and U(A^) representations. Recall that the V{N) representations are 
labelled by pairs of Young diagrams H = (Sj, S^), where the corresponding U(l) charge is given by 
|H|_ — \E.r\ — |S;|. For a given SU(iV) representation S, there are different U(A^) representations 
H that restrict to S; the U(l) charge of the various choices for H differ by integer multiples of N. 
Since we may in particular take H = (0, S) and A = (0, A), it follows that a solution to p.28p is 
given by taking 

/ = A^|A|_-(iV + l)|H|_ . (3.45) 

The different possible solutions for I are then accounted for by the different choices for lifting A 
and S to \J{N + 1) and U(iV) representations A and H, respectively, and thus p.45p describes the 
most general solution. Actually, there is now a redundancy in our description since 'shifting' the 
separation between A; and A^ in A, and between S; and S^ in H by the same amount does not 
affect I. However, this redundancy disappears in the large N limit, as there is then a unique way of 
identifying the two finite Young diagrams. 

With this parametrisation in mind, we now define the /c-independent function as 

■SaA;H = °'Ajv+i;3jv,iV|A|_-(Ar+l)|H|_ ' (3.46) 

so that p.43p becomes 

ch^+\t,iv,w))^{q,t2iv,w))=^.salsiQ) chiivw''+') . (3.47) 

Note that for A = this identity is just 

^('i''^^'^'''^) -nn (l-.,^^+lg»)(l-i;,u;A-+V) (^.48) 

= E^<s('?) ch^(«.I;^+i) . (3.49) 

In order to describe the general case from this, let us introduce the restriction coefficients r^^^ as the 
multiplicities with which the U(A^) characters appear in the decomposition of U(A^ + 1) characters 

ch^+\^,{v,w)) = E-f* ch^{vw''+') , (3.50) 
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as well as the U(-/V) Clebsch-Gordan coefficients 

<ch^ = E4"^^"^hS- (3-51) 



n 

Then it follows from eq. p.47p that we have 



sa 



A 



^il) = E-A*4"2^<*('Z) -Y.'A^c]^r<^il) ■ (3-52) 



*,* *,* 



Generalising the combinatorial calculation of section E^ we shall show in section [5^ that the large 
N limit of the branching functions equals 

sao.oiq) - ^im^sa^.oiq) = [[ f. _ ^2„-l (3-53) 

71 = 1 ^ ^ ' 

sao-.aiq) = lini saQ..^{q) — sao;o{q) sch-^t[l4i) schHt(Wi) , (3.54) 

where the GL(oo|c)o)+ supercharacters sch^ were defined in p.37p and Ui = U{h = i). Notice that 

|saO;o(g)P =2^gauge(g)- 

In the final step of the argument we have to remove the null states that appear in the limit. 
By analogy with the bosonic case, we propose that this amounts to replacing the restriction and 
Clebsch-Gordan coefficients by 

Jim 4^^* ^ Cg,i^ c^i' (3.55) 

A'— >oo ^" ' ^ ' ' 

lim r\^' -^ rA,$, rA,$, . (3.56) 

A*— >oo 

Here c^|; are the Clebsch-Gordan coefhcients of 01(00)4. that already appeared in section [21 as is 
explained in appendix Rl we can also interpret them as g[(oo|oo)+ Clebsch-Gordan coefBcients, i.e. 
they satisfy 

schASchs = 2_] '^AH schn . (3.57) 

The coefficients appearing on the right hand side of eq. p. 561) are the restriction coefficients for 
0[(oo)+ that can be expressed in terms of the Clebsch-Gordan coefficients as [62] 

rAS = c^iA/s\ ' (3-58) 

where |A/S| denotes the Young diagram with a single row of |A| — |S| boxes. In particular, eq. p.58p 
implies that tah can only be either or 1. The coefficients tah also define restriction coefficients for 
0((c»|cxd)_|_, since we have the identity (see appendix 1X1 for a detailed derivation) 

schA(Z^o) = E ^AH schHt(Z^i) , (3.59) 

seY 

were Uq — U{h — 0). Note that we are considering here the branching rules of g[(cx)|oo)_|--represen- 
tations into representations of the subalgebra of infinite matrices whose first row and column is zero; 
the latter algebra is again g[(cxD|cxD)_|_, but with a shifted definition of parity, and this is the origin 
of the transposition of S on the right-hand-side. 

With these preparations we can now finally compute the partition function for the Hilbert space 

H^= (A;H),0lATHy^ (3.60) 

A.HeY 

of the Kazama-Suzuki coset p.l6p in the 't Hooft limit (I2.15p . where we have denoted by (A;H)s 
the large N, k limit of the 'WN,k representations 

(A;H),= hm (Aat+i ; H^, [iV|A|_ - (iV -|- 1)|H|_]) (3.61) 
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using the same notation as in (|3.46p . Their characters can be computed from (|3.42p . and dropping 
the nuU-states as in (I3.56P and (J3.55P we obtain 

= gs'l'^l'l^l'saoiolg) schA, (Uq) sch\^{Uo) sch^t{Ui) schst^{Ui) 

= sao-oiq) schA, (Z//+) schA^(Z//+) sch'^t{U^) schst^{U^) , (3.62) 

where the GL(oo|oo)+ matrices U± have been defined in p.36p . and we have used that 



hm 

N,k-^c 



N+i,k ,jv,fc+i (iV|A|--(VV + l)|H|_)2i A 



^ ~ " 2N{N + l){N + k + l 



= -(|A|-|H|). (3.63) 



FinaUy, summing over the different representations, we get 

Tr^A q^" q^" = Zgaugc ^ | schA, {U+ ) schA,. {U+ ) schs* {U- ) schs^ (Z^- ) | ^ , (3.64) 

A,S 

which reproduces indeed the partition function p. 381) of the higher spin theory. 

3.4 Free field reafisation 

Thus we are left with proving the combinatorial identities p. 531) and p.54p : this can be done as in 
the bosonic case using free fields. 

First we note that the right-hand-side of p. 481) equals the partition function of N complex 
fcrmions and N complex bosons, transforming in the fundamental and anti-fundamental represen- 
tations of V{N). More specifically, let us denote by ip^, ■ ■ ■ ,tp^ and j^, . . . ,j^ the fermionic and 
bosonic modes in the fundamental representation of U(A^), respectively; their complex conjugates, 
V"^, . . . , V'^ s-nd j^, . . . ,j^ then transform in the anti- fundamental representation. The full Fock 
space is spanned by the states of the form 

n^ n^ nj rij 

j—l k—l l — l jn—1 

where the mode numbers rj, Sk,ti,Um are non- negative integers. In order to determine p.53p and 
p.54p we need to count the multiplicities with which a specific U(A^) representation appears in the 
Fock space. 

We begin again by counting the states that transform in the trivial representation. By the 
fundamental theorem of classical invariant theory |58j , these states are linear combinations of the 
'basic' invariants 

n E^v.^-.-. n Er-.-i/-«-i 

r,s=0 \a=l / t,u=0 \a=l / 

X n [Ef't^i^-s-i] n [E^-r-^f-u-i] ^^ (3-66) 

t,s=Q \a=l / r,M=0 \a=l / 

where only finitely many multiplicities Krs, Ltu, Pts, Qru are non-zero. Note that each Pts and Qm 
can only be or 1 because the fermionic invariants X^a^^" ^'^'^ Sa V^^j" square to zero. In the 
A^ — > oo limit all the states in p.66p are linearly independent, and it is straightforward to count 
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them, leading to eq. (I3.53P 

CXD CXD OO OO OO 1 CXD 1 

suo-mq) = n e 9^'"+'+'^'' n E 9^*+"+''"^ n e 9^*+^+^^'^ n e 9^''+"+"''^ 

r,u=OQ=0 



r,s=OK=a t,u=OL=a 


t,s=0 P=0 


fr 1 fr (l + g^+^-+i)2 




iiii-'?%Ji(i-'?^"^^'^^)' 




n 1 fTfr(i + '^""^)' 


11 (l_on)2n-l 
n=l ^ ' 


Mi-'^"MM d-'^")^ 



(3.67) 
(3.68) 



Finally, we need to count the multiplicity with which a specific H representation of U(Af) appears; 
again, the argument follows the same logic as in the bosonic calculation in section l^^ Let us consider 
the subspace of states of the form p.65p with a fixed number of modes n^, nj;, Uj, rij. Then a V{N) 
tensor of shape H — (Sj, S^) such that |S;| — nj^+rij and jS^I = n^,+nj will appear with multiplicity 
or 1. The multiplicity will be precisely 1 if there is (i) a Young supertableau of shape S/ with 
bosonic or even entries from {2i/ + 2}, and fermionic or odd entries from {2rj + 1}; and (ii) a Young 
supertableau of shape S^ with bosonic or even entries from {2um + 2}, and fermionic or odd entries 
from {2sfc + l}|j This is equivalent to the requirement that there are Young supertableaux of shape 
S* and Sj, with entries from {2rj} U {2ti + 1} and {2sk} U {2um + 1}, respectively. Summing over 
all possible mode numbers and different n^, nj,, rij, rij such that n^ + "-j — \^r\ and n^ + nj = |S;|, 
their contribution to the branching function p.54p can be written with the help of p.37p in the 
compact form 

schHt(Z^i)schHt(Z^i) . (3.69) 

Multiplying these minimal states with all the invariant states (I3.66p . one generates all states trans- 
forming in H in the Fock space. Thus the branching function p. 541) is indeed just the product of 
f^M^ with (12211) ■ 

4 Conclusions 

In this paper we have given strong evidence in favour of the supersymmetric higher spin duality 
that was proposed in ;44 . In particular, we have shown that the 1-loop partition function of the 
supersymmetric higher spin theory on AdSs can be reproduced from the 't Hooft limit of the dual 
M — 2 Kazama-Suzuki models. Our analysis follows in spirit closely ^30j, where the corresponding 
consistency check for the original bosonic duality of [25] was performed. The main technical advance 
is that we have managed to determine the branching functions (both in the bosonic as well as the 
supersymmetric case) from first principles, using a free field description. This point of view also 
sheds light on the origin of the underlying 0[(oo) symmetry (resp. 0[(cxd|oo) for the supersymmetric 
case) of the partition function. 

In order to make sense of the limit theory (and to match with the AdS gravity answer) we have 
assumed by analogy with the bosonic case that certain CFT states become null and decouple in 
the 't Hooft limit. It would be interesting to check this directly (at least for the first few cases) by 
performing a similar analysis to what was done in |30) . In order to be able to perforin this analysis, 
it will be important to understand the underlying symmetry algebra — i.e. the supersymmetric 
analogue of M^ooiA], see [55] — in more detail. This would also allow for a more detailed test of the 
correspondence by comparing eigenvalues of the various higher spin zero modes. We hope to come 
back to these issues elsewhere. 
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^ The form of these entries is twice the conformal dimension of the modes in 113.651 1 . 
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A Identities for g[(oo|oo)+ 

In this appendix we want to prove p.57p as well as p.58p and (|3.59l) . 

Let Sym„ be the group of permutations of the integers {1, 2, . . . , n}. Its irreducible representa- 
tions ^A are indexed by partitions of n, that is Young diagrams A with | A| — n. When restricted to 
the subgroup Sym,„ x Sym„ C Sym„^„, a representation S\ of Sym„^„ decomposes as [54j ch. 1] 

ksSa^^c^^Ss^Su, (A.l) 

H,n 

where the sum is over partitions S of m and partitions 11 of n, and we used the symbol M to denote 
the tensor product between representations of different groups. 

Let V be the fundamental representation of U(Af |iV), and Va the irreducible 'U{M\N) covariant 
tensor of shape A. Clearly, the two groups Sym„ and U(M|A^) act naturally on the tensor product 
1/®". Because the action of Sym„ commutes with the action of U(M|iV), one can consider y®" as 
a representation of the product group Sym„ x \J{AI\N). With respect to this latter action, one has 
the following decomposition into irreducible representations [60 

V^^^^Sa^Va, (A.2) 

A 

where the sum runs over all partitions A of n that fit into a hook with arm width M and leg width 
N [5T] . We shall call these partitions hook-shaped. This type of multiplicity free decomposition is 
known in the mathematical literature as a Schur-Weyl duality. 

Consider now the decomposition of the representation y*™ (g) y»" with respect to the product 
group Sym„ x Sym„ x \J{M\N). Applying eq. (|A.2I) . on the one hand, to the whole tensor product 
Y^im+n) g^j^^^ Qj^ ^Yie other, to each factor y®™ and y®" separately, one arrives at 

^resSA^VA^^Ss^Sn^iVE®Vn) ■ (A.3) 

A H,n 

Decomposing the restricted representation into irreducibles as in eq. (jA.ip . we conclude that the 
tensor product of irreducible U(M|A'') representations must be 

Fh (» ^n = c^n Va , (A.4) 

A 

where all partitions are hook-shaped. Setting M — N and taking iV — ?► oo we arrive at eq. (|3.57[) . 
Note that the restriction on the hook-shape disappears in this limit. 

Finally, we want to prove (13.58^ and (I3.59p . following MacDonalds's book [54] on symmetric 
functions. Let X,Y ^ GL(oo|cx))+ be two diagonal matrices, whose entries we label as 

X^^,2^ = X.,+^ , X2.+ l,2.+ l = ^.+ 1 ^ ^ ^^ ^ (^.5) 

^■^21,21 — Vi+l , ^2i+l,2i+l — Vi+1 

We define a Schur type symmetric function by 

SA(x|0=SchA(X)= Y. n^^-^(-l)'' (A-6) 

TeSTabA jeT 

where x = (xi, 2:2, ... ), S, — (^1, $2, ■ • ■ ) are treated as formal indeterminate variables. Note that if 
we restricted the values of x and S, by setting Xi = for i > M and £^j ~ for j > N, then (jA.6|) 
becomes a \J{M\N) character. From p.34p and the definition of Young supertableaux in fig. 0] it 
follows that 

SAix\O^SAti-i\-x) . (A.7) 
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Denoting y — (j/i, 7/2, ■ • ■ ) and r/ = (771, 772, ■ • ■ ): ^^ can now rewrite p.35p as 

where the left hand side is to be understood as a generating ftmction. Next we repeat the argument of 
[Ml p. 40-41]. Let us introduce a third set of independent variables z = (zi, Z2, ■ ■ ■), C = {C1X2, ■ ■ ■), 
and consider the product which we can rewrite in two different ways as 

n (l - ZjQjl - ZiT]j){l ~ CiXj){l ~ dyj) .^ / M itii ^ 



a, J 



= E '^2(^10 ss(a:|0 sn(2|C) sn(yh) (A.9) 

H,n 

E *A(^IC)(fcn5H(x|0sn(yh)) , 



A,s,n 
where we have used (J3.57I) in the last line; this leads to the important relation 

sa(x U y|C U 77) = E fcj\ se{x\0 sn{y\v) ■ (A.IO) 

We now specialise to y = {w, 0,0,...) and 77 = (0, 0, . . . ). Then snivlv) becomes a U(l) character, 
which is only non-zero provided that 11 has a single row, in which case it equals wl'^L Next, we 
choose X and £, so that for all i G Nq 

(,^+l = {Ui)2i,2i = <t^^- , X^+l = (Z^l )2»+l,2»+l = -g'+^ , (A.ll) 

where I4i is, as before, defined by Ui = U{h = |) and we recall that U{h)jj = (— 1)-'(7'*+2 , see 
eq. p.36p . Then the eigenvalues oiUa =U{h = 0) are 

(^o)oo — 1 , (^0)22+2,22+2 = —Xi+i = q^ , (^0)21+1,21+1 = ^6+1 = ^9* ^ I (A. 12) 

where again i e Nq. Setting 7« = 1, it follows from (|A.12p . (|A.7p . (JA.IOP and (jA.lip that 

schA(Wo) = 5a(-x u {1}| - - E C|a/h|h *h' {£.\x) - ^ ci^/^l sch^* {U^) . (A.13) 

This completes the proof of (|3.58l) and p.59p . 
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